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Abstract
Isolated electrons resting near a helium surface have a spectrum
close to that of a quantum-defect atom. A precisely solvable model
with Rydberg spectrum is sugguested and discussed.
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Recently M.M. Nieto from Los Alamos National Laboratory has no-
ticed that observed spectrum of the electrons resting near a helium surface is
close to electrons resting near a helium surface is close to that of quantum-
defect Rydberg atom
E = − E0
(n− δ)2 ; , (1)
where E0 = 158.4 GHz and δ = 0.0237 [1]. He has suggested a new math-
ematical model to describe this phenomena. The remarkable Nieto’s model
permits to solve the problem in analytic closed form, but unfortunately it is
somewhat dubious from purely physical point of view. In these notes we call
attention to another precisely solvable model with Rydberg spectrum. Let
us write the Schroedinger equation for the problem under consideration(
− h¯
2
2m
d2
dx2
− Ze
2
x
)
Φ (x) = E Φ (x) , Z =
1− ε
4 (1 + ε)
. (2)
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Here ε=1.05723 is dielectric constant of helium. Our main idea is that one
has to solve equation (2) on whole coordinate x− axis but not only on its
positive part. A solution of equation (2) that is continuous everywhere on
coordinate x− axis and has the right behavior both at + and - infinity can
be written in the form
Φ (x) = N
{
Γ (s− 1)Ws, 1/2 (z) , x ≥ 0,
Γ (s+ 1)W− s, 1/2 (z) , x ≤ 0.
where N is the normalization constant, Ws, 1/2 (z) is Whittaker confluent
hypergeometric function,
z =
x
sx0
, s > 0, x0 =
h¯2
2mZe2
,
and the index s is related with the eigenvalue E by the equality
E = − E0
s2
, E0 = mZ
2e4
2h¯2
.
To determine the eigenvalues we impose on the wave functions the boundary
condition at singular point x = 0(
dΦ
d x
)
x→ + 0
−
(
dΦ
d x
)
x→ − 0
=
λ
x0
Φ (0) , (3)
here λ is an arbitrary dimensionless constant.
If we now make use of well know identity for polygamma functions
Ψ (z + 1)−Ψ (z − 1) = 1
z
− pi cot (piz)
and take into account the asymptotic equalities [2]
x0
N
Φ′ (z) = −2C + 1
2s
− ln |z| − ψ (1− s) +O (z ln z) , z > 0,
x0
N
Φ′ (z) = −2C − 1
2s
− ln |z| − ψ (1 + s) +O (z ln z) , z < 0,
where C is Euler’s constant, which may be easily established with the aid of
[2] we shell easily find
cot (pis) = − λ
pi
.
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Putting now
λ = pi cot (piδ) , 0 < δ < 1,
where δ is a new arbitrary constant, we get
s = n− δ, n = 1, 2, ...
and for he eigenvalues we have the same formula (1) with the slightly different
value E0 = 159.123 GHz There is an also easy task to calculate normalization
constant C and mean value 〈x〉 . The results are
N =
[√
2x0sΓ (1− s) Γ (1 + s)
]
−1
,
〈x〉n = x0
[
3n2 − δ (2n− δ)
]
.
Thus, we have an exact analytic solution to the problem. The boundary
condition (3) may be hidden into Schroedinger equation itself if we introduce
additional short range potential of the form
Vshort range (x) = λZ e
2 δ (x) . (4)
We think that it “realistically” models the positive work function at the
surface of about 1eV [3]. The transmission coefficient for potential (4) is
given by
T =
[
1 + λ2E0/E
]
−1
. (5)
Let us denote
E = λ
2E0.
If the electron energy exceed E the probability to penetrate the liquid - gas
interface according to (5) will be more than 0.5. For above mentioned values
of δ and E0 we have E= 1.1687 eV .
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